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PREFACE

This report is to be presented as a paper at the AIAA Symposium on
Dynamics and Control of Large Flexible Spacecraft , to be held at Virg inia
Polytechnic Institute and State University , Blacksburg, Virg inia , 13-15
June 1977.
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Introducti on

The purpose of this paper is to present an overview of several
n-bod y dynamics formulations in the spacecraft dynamics literature.
Even though the emphasis is different , the overview in this paper is
somewhat in the spirit of Likins (197 0 , 1974 , 1975) and Meirovitch (1975),
and the background references for this pape r are essentially the same
as for these earlier overviews. This paper differs from previous papers
in the spac .~craft dynamics literature in that both “momentum formula-
tions ” and “velocity formulations ” are discussed in a sing le language--
the language of the transformation operator formalism (Jerkovsk y, 1976).

The paper starts out with a descri ption of m ulti-bod y tree config-
urations . A path matrix , rr , and a reference mat r ix , c , a re defined in
the spirit of Roberson and Wittenburg (1966). The next step i s  the intro-
duction of the “p r i m i t i v e” or “f r ee  bod y ” equations of motion in t e r m s
of a sing le equation. Thi s equation is then l inear l y t r a n s f o r m e d  via a
transformation operator , A , and the result is a new “transformed ’
equation of motion. This m ethod of transforming “old” differential
equa tions to “ new” di f fe rent ia l  equations is based on Kron ’ s m ethod of
subspaces (Hoffmann ,1944), and i s similar to the matr ix m ethod of
structural analysis (Przemieniecki, 1968). In the old dif ferent ia l  equa-
tions the velocities a re  inert ial  velocities , whereas  in the new di f fe ren-
tial equations the velocities are relative velocit ies.  The t r a n s f o r m a t i o n
to re lat ive veloci t ies  is made so that re la t ive velocity cons t ra in ts  can be
treated more  readi l y ; thi s t r a n s f o r m a t i o n  is made in the spiri t  of class-
ica l m e c h a n i c s  (Corben and Stehle , 1960) where general ized coordinates
a re  int roduced so that  the cons t ra in ts  become t r ivia l .

A s an alternative to transforming to relative velocities , the
equations of motion can be kept in terms of inertial velocities, and
the relative velocity constraints can then be incorporated via Langrange
multi pliers. This alternative approach is particularl y attractive in
cases where it is not a simple matter to express the inertial velocities
of a multi - body system in terms of an independent set of relative veloc-
ities; such a case occurs when the multi -body confi guration is not a
tre e--i. ‘ . , when there are n osed loops.
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~l h~ - u t  t j  c) l i ~ ‘ i n  es ,  it . ‘( i  Iii t I i i  ~ p t  P ’ r , t  ~ s i l t  e t h a t  t i i ’  fl i i i  I t  - b ody
ori L I - I t r ; t t I ’ ) t t  t o r i s i s t s  . i t  ii r i ~~ic l b o d i e s .  The  ~~~~~ p r e  .‘d t t r ’  an h

i t ’- .  J i i  s t i r i n ’  ‘n .I11 t h ~ ~~~ai  s ; t r e  t l e x i l . l & - — i .  .‘ . , t i l t  ; l r u e t u r ’.’ of t l~.
l i ) I d t l — i)Od \ d V 1 h t f l h l (~~ , ‘c~t t , t t 1 t > r i s  i - i  t he ~.. r n e  v, h e t h e r  t i . ’ ‘ i i .  a r t

~l t ’~~i b l , ’ o r r i ~~i d .  I i i  !;u t .  a l~t r ’e our i l)t ’r ot  r t ~~ i ’~ l ) O d A e S  , a l  L I t ’  u s ed
t o  n i u d . ’ l  o f l e x i b l e  bod~’ . ; : i i c i t h e  5~ r u & ’ t u r e  of i i i . ’ l u a t l t r ’ s  ( l ( ~ t ’~, not

~~~~
. p~ in , . t i  ~ t h e n  n i s  I a n  ~. e .  I: I t  t s d ‘si r ed to  t r ca  I a I I  n b i d  i ’ s  i t s

t I . ’, : h l , , t h e n  t h e r e  a n , ’ t h r . - ’ ’ m o d i u i c , i t i o i i ~ \ \ h l ( h  a r ’  r i~~;i t i ’- t ’e :  ( I )  t i n
~) ‘ ~ I t L L t i \ .  o r  ‘ ‘ f ~’~~ ij, .dv ’ , . , , , ( j o n  (II m ot i o n f l i u~ .t  i I i ( l t i ~~ .’ (‘ ( h t t i O f l S

ot i l l o t i u r i  b r  t h . . d ,’ I , )n rn,It Io r I  d. ’ ’ ’ r , ~& ’s of f r t ’ e d o r t .  ( 1~ ud 1t ’~ , ‘t a ] .  ,

J n r k . ’v s~~y ,  l ’ ,~77a~~; (2) tI~ ‘ p n t l n i t i \ i ’ a r i d ‘ t r ~t n s l , t r m ,  d v t ’ l t ) e i t l , ’ s
x i i t , ~—j i n c l u d e  t l i ,  h I l t ’. ’ ( l e r l~~ ; i t i v e s  oh t h e  d e f o r i n n t j u t ’ i o o rd i r i ; i t , .’.

B l I d t € ’y  t , 1 .  
* 

l u 7 ~~)~ a r i d ( ~) t h e  t r a n s f o r m a t i o n  o p e r a t o r , A , m u s t
t ’\ ) r ’ ’Ss t h e  i n e r t i a l  v e l o c i t i e s  i i i  t & ’ r n l s  of r e l a t i v e  v i l o  : t i & ’s p l u s
d e t n r m , , t i o n  c o o r d i n a te s  t i m . ’ d e r i v a t i ve s .

Tb,’ n i u n ’ ’ ’n t u m  I I r l l l u l I t t  ion and Vi ’ l O C i t V  f u r m u l ; t l i o t t  e q u a ti o n s

~c r j bed ]i ’.~ r ei Li a re  i in i i  it r to  t h e  cc : u i OflS t h t t  I m i  ~ht  be o b t a i n e d
us i i i~ a l i t m i l t o n i a n  or L a L r a n g ian  n i ec ha nic s  a p p r o a c h , r e s p e c t i v e l y .
I low ‘v ’. r , t h e r e  a rc’ I \‘~O f o n d a n t  t ’n t a l  c l i f f e  r en c  ‘s (1) In th e  p r e s e n t
a p p r o a c h  t h e  1-I ;imi ltonj an  (a f u n c t i o n  of i t en e r a l i zed  ou r d i n a t e s  p l u s
i~ t ’ I l e  r a i l / I’d  m o m e n t a )  or  L a cr a n c i an  (a f u n c t i o n  of g en e r a  I iz i ’ d i oord i  —

r a t .  s p l u s  t h e  t i m e  d e r i v a t i  vi ’s oh t h e se  gene  ra l i zed  c o o r d in at .  - s ) ar e  not
u r n  , ‘ci . i nd t h e  eq u a t i o n s  ol mo t ion  a r e  not obta ined b y ’ 1 a r t i a  1 ( h I  fl~ ’ r —

i a t i on  of t h e  H a r n i l t on i a n  or Lag r an g i a n :  (2 )  In the  p r ’ .  sent  a p p r o a c h
i i n , t l  t ’ q l l a t i O f l S a r t ’  f b i  . xp r e sst ’d  exp l ici tl y and so~c1’.’ i n  t e  r r n s  of

o o r d in a t t s an d  L I & ’ n e r a l i / . e d  r ’nomenta  or t h e  t i n - i t ’  d ’ ’ r i v a —
i v , - s  of t h e  i t ’ n e r a l i .~ed c o o r d i na t e s ;  i n s te a d , t he  f i n a l  ( ‘h i l i t t i O n s  a rc ’

t ’ x ~~ r i  s 5’.’d ih  I ’ rm  s of o litI ‘i t i l e  r m n e d i a t e ’ ‘ or a u x i l i a r y ’ ’ v a  r~ab les
i~ h 1 .. i t  ,t  r~ a I i~ ’b r a i c  f u n c t i on s  oh tb . . i~c ner a 1ize d  c o o r d i n a te s  and
c, ’r . ’ ma l i / e d  m o m e nt a  or tb. t i l ’ I i e  d e r i v a t i v e s  of the g e ner a l i z e d  c o o r d i —
tat t ‘. . lb. ’ i m i t c  r mr . , ’d i  a l e  or  a u x i l  Li ry  v a r i a b l e s  gene  ra l l y have  ph y s i c a l
~~i ~~r i i  i c i t t i (  e . In t i l t ’ ( u S e  of t h e  m o m  c t t t i m n i  f o r m u l a t i o n , t h e  in t e  rrnedi  —

h e  ‘, i t  r i ab l ’ ’~ ar e  t b .. v , ’l oci t i t ’s (I f h i n g e  po in t s  and the t r a n s l a t i o r i i t l
i l l i e l t t ’ f l t I t  . ( \  ri i f  t h e n  a r e  no r e l a t i v e  t r a n s l a t i o n a l  d e g r e es  of f r e e d o m .
Tb. . - j u ~~t i f i  , t t i . . n  l t ’ r  t h e  r e t , ’i i tj o n  of i n ter m e d i a t e  v a r i a b l e s  is the c o n —
e ’ pt u a l  arid o : i lp u t a t i ( .Ina l  s i m p l ic i ty  of t h e  r e su l t i ng  e qua t ions .  Note
t h a t  a I I. .  m i l t  on i an  fo r au l . . t i o n  would not even  inc lude  any t ime
d e r i v a t i v e s  t ’~ c t - n .  r , i l i z . . ’d co o r d i n a t e s  ( the  genera l i zed  m o m e n t a  would
be u sed  i n s t e a d ) .  H en .  e , a r i i o m e n t um  f o r m u l a t i o n  which  re ta ins
v e l o c i t ie s  i s  r e a l l y a ‘ m f l i x e . i  f o r m u l a t i o n  r a the r than  a ‘pu re ’ f o r n~i u —
l at i o n .  i - L t t  , s i mi l a r l y ,  a v e l o c i t y  f o rmu l a t i o n  which retains velocities
ut i r t h a t  t h e  tune d e r i v at i v e s  of t he  ce ner a l i zed  c o o r d i n a t e s  is a l so
a n j x . ’d  L ’r m t i l a t i o n .  N ot ,  t h a t  if a pure f o r m u l a t i o n  is used then  the
I t ’  n t i s  i n  tb ’ t ’q t i i” t t i o f l s  of mo t ion  , t r c  un i que (i f  p r o p e r ly s ymm e t r i z e d ) ;

~~ri t h e  u t N ’ . ’ r  h a r d , i r  a n u i x o d  f o r m u l a t i o n  the  t er m s  dep en d  on the
pa r t i i u l a  r c h ai  c - ’ ’ i r i t e  rn i e d i a  te v.a riables
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D est -  r i p t i o n  Of M u l t i  - Bod y T ree Confi g ur a t i o n s

G i v e n  an r i-bod y conf i g u r a t i o n , we l abe l  the  bodies  f r o m  1 to n ,
a s s i gning the  l abe l  1 to th i ’  ‘‘ m a i n ’’ or  ‘‘ c e n t r a l ’’  bod y. We obtain  a
“gr a p h” of the c on f igu r a t i o n  by pu tt i ng  each  bod y in c o r re s p o n d e n c e  wi th
a v e r t e x  (or n o d e )  of a g r a p h arid c o n n e c t i ng  any  two v e r t i c e s  of thi s g r a p h
with a b r a n c h  if the  c o r r es p o n d i n g  bod i e s  have  any d e g r e e s  of r e la t ive
motion between them. If the resulting grap h is a tree (i. e. , if t h e r e  a r e
no closed loops), t hen  the  n-bod y s y s t e m  is said to ha ve a tr ee confi gura-
tion . If the g r a p h  is not a t r e e , t he e  a tr ee can s ti l l  be associa ted with
the g r a p h by cutting as many b r a n c h e s  as t h e r e  are closed loops. Any
branch  in any closed loop may  he cut , and different choices will lead to
d i f f e r e n t  t r ee s  of the gr a p h .

Thus , to any n -bod y c o n f icu r a t i o n  t h e r e  c o r r e s p o n d s  a t r e e  wi th
Bod y 1 at the c e n t e r  of the  t r ee .  For the  momen t  we do not c o n ce r n
ourselve s with how many degrees of freedom there are between adjacent
v e r t i c e s  (i. e . ,  be tween  ad j acen t  b o d i e s) ,  or if the ac tua l  n-bod y confi gu-
ration has closed loops or not.

We label the bodies (or vertices of the tree) such that all the bodies
between Body 1 and Bod y j have an index i between 1 and j . Also , we
let j  be the set of i nt ege r s  which includes  1 and j  and also inc ludes  the
labels of all bodies between Body 1 and Body j. Let be the label of the
bod y nex t  to Bod y j on the path f r o m  Body j t o  Bod y 1; s imi l a r ly,  let~~
be t helabe lof  the bod y next  to Bod y j; etc. Then , the set ~~

‘ consisto f1 .  . . ~ A .the labels j ~ 
j, j ,  ~~ , . . . , 1 ~~~. Evidently, j is the set of indices of all

bodies which a re  “inward” from Body j, including Body j. An exam~~e
9-body tree configuration is shown in Fig. 1. Fig. 2 shows the sets 1
to 9 f o r  this example. The labels I t o  9 a r e  a lso  shown , where  1 has beer
set to z e r o  so th at j is def ined fo r  j 1  to n.

Next, we let k b e  the se t of all j such that  k is contained in
(i. e. , such that k E j) . Evident l y ,  k is the set  of indices  of all bodies
which are “outward” from Body k, including Body k. _Fi g. 2 shows the
sets 1 to 9 for the 9-body exam ple. Note that the set 1 includes the integers
from 1 to n (1 { 1, 2, ... , n }) because all bodies are outward from
Bod y 1.

W e now in t roduce  the “path ma t r ix ” ~ as follows. Letting IT

denote th e element of rr in the ~ 
th row and ~th column , we define

1, if Bod yj i s between Body 1 and Body i

i j  0 , o t h e rw i s e  (1)

Fi g. 2 shows  ~ f o r  t he  9-bod y e x a m p le.  Note  t h a t  the  rows of ‘~ a r e
d el . ’  rmin ed by the  “ inward ’ sets ‘1” for I 1 to 9 , and the  c o l u m ns  of
an.’ determined by the “outward” sets j

7
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If ~vc think of Bod y ~ as the  bod y to w hic h  Bod y j is ’’referenced’’,

t h en  we ‘.‘an  d e l i ne  the  ‘‘ r e f e r e n c e  m a t ri x ’’ I as f o l l ow s

I, if i j
-1 , if Bod y i i s  r e f e r e n c e d  to Bod y j (2 )

0 , o t he rwi se

Fi g. 2 shows f o r  the 9-bod y examp le. E v i d en t l y ,  the  -l  t e r m s  of

4 - can  be f i l l ed  in by looking at the  l abe l s  2 , 3 ~~~. Note that the

l a be l s  Z , 3 , . . . ,  n d e f i n e  the t r ee  confi gura t ion  comp le,~el y , b e c a u s e

these labels allow us to draw the tree and then the sets j and k fo r

j ,  k = 1 , 2 , . . . ,  n. A l s o  note that co lumn  j of n shows which bodies are
referenced to Body j.

Front Fi~~. 2 we note tha t  rrand p are lowe r triangular , and
is s p a r s e r  than r H o w e v e r, ~ and ~ conta in  the same in f o r m a t i o n;  in

f a c t , r. and ~a re  i n v e r se s  of each  o t h e r :

(3)

w h e r e  I is the n x n iden ti ty  m a t r i x .  We will see l a t e r  t ha t  a f t er  the

m a t r i c e”~ i-c or a re  in t roduced  for  a pa r t i cu l ar  t r ee  confi g ur a t i o n ,
the equations bec ome independent of the p a r t i cu l a r  c onfi gura t ion  under
considerat ion.

We now define the set I j to be the in te r sec t ion  of the sets  I and j :

i j = i f l j = j i  (4)

Now all the sets k, for k = 1 to n, are  “nested” in the sense that  if the

sets i_and j have any elements in common, then  ei the r i is conta ined  in

or j is contained in i. Hence , i j is eithe r i or j or the empty set 0.
Symbolically,

- -  
i , i f i C j

i j  = j ,  i f j C  1 (5)
0, oth e rwise

Note that i i I.

We now in t roduce  th e points ci, h 1, and b~ as fo llows, for  i = 1 to n.
Let cj  be the cen te r  of mass  of Bod y i. If Body i is a ri gid bod y ,  the n
the point cj  is a f ixed m a t e r i al poi nt of Bod y i; i f Bod y i is defo rmable ,

then c. “f loats ” in the body.  W h e t h er  Body i is r i gid or de forr nab le ,

10 

~~~~~~~~~~~~~~~~~~~~~~~~ : -
~~~~~~

‘
~~~~~~~~~~~~

‘ 
-—‘ - - - 4



w —- - -
~~~~

--
~~~~~~

-- --- -
~ — -

l e t  i i .  be a fixed m a t e  ri ,tl point whiL h i s  t h e  “hing e ’ ’ point f o r  Bod y i .
Let  I~. be a f i x e d  m at e  ri a l po in t  in  Bod y i to which Bod y i i a  r e le re n ce d ;
t h e  p a i nt  b~ i., t h e  ‘ha ~.. ‘ ‘  

~ 
t i n t  fo i’ Bod y i . By c o n ven t i o n  b 1 i S  t i l e

inc  r t i a l  r et  e rem ’  e u r i g in  ( i .  e . , a po i n t  f ix e d  in ‘‘l~~d y 0 ’ ’ ) .  Fi g. 1 show ~
t h e  po in t s  c j ,  h~ , and bj f o r  t h e  9 — b o d y e x a m p le.

P r i m i t i v e  E 1uat i  on i. of Motion

liv ‘ p m ’ i f l ’ i t l v i  - e q u a t i o n s  m d  vu n i ; m I , l t ’~, we w i l l  n i t - t n  equations
and v a r i a b le s  w h i c h  r ’ . ’f ’ . ’r  to  ei~ h bod y I t  S a i . e pu r a t e  and d i s t i n c t  bod y ,
w i thou t  r e g a r d  to ii ow i t  f i t s  i n t o  t h e  m u l t i  — b o d y c on f i g u r a t i o n .

Let P ’ be’ t h e  l i n e a r  m o m e n t u m  of Bod y i , and  let  L 1 be th e
f o r c e  on Bod y i .  Let I l~-~ be t h e  an g u l a r  n i o r n’ nl  urn oh Hod y i ab o u t
j , a no l e t  L 

~~~ 
b(’ t h i e ~ I o rqul ’  (in Bouy  i ~t bout  

~~1 
N ote  t h a t  we ar’.’ us i rig

the  bod y i r i d ’ . - x  i as a supe  r s i  r i pt  , , ‘ . r~d t h e  p o i n t  ‘ as a s ub sc  r ip t  - Let
b~ t h e  l i n e a r  v e l o c i t y of t h i ~ . poi l ‘. ~ ; t h u s , i f  i~.j  is  t h e  p o s i t i o n

v e t , t a r  to c f r o m  t h e  i n e r t i a l  r ’.’I.’ r t ’n ce  . ) n i g i f l , t l , ~ i i  
~~‘. ~~‘. v .h er ’ . .’

t h e  dot  o v e r  a v e c t o r  is u s’. ’d l u  d i - n o t e  t h e  t i m e  c i ’ . ’ r i v a t i v ’ .’ i n  t h e  irn r t i ;t 1
r e f e r e n ce  f r a m e .  L e t  u 1 he 1h~’ . , a .~u l , t r  v e l o c i t ’, ‘ i t  .t f r a m e  f i x e d  i i i
Bod y i . For s if t  p l i c i ty  , we 110w i t s  sum’. ’  t h a t  , t i l  budi ’. ’  s .t re ri g id;
have  al r ead y t ’  emi t  j o t t e d  t h e  f lu  ~d i f i  cut t ions  r e qu l  red v. hen  s o rt i e  or a l l
bodies  a r e  c l e f o r m a h i  i .  Let M’ be t h e  m c  a s s  ol H c e ly  1 , and  l e t  be
t h e  i n e r t i a  (d y a d i c )  of Bod y i :t bou t  ci ;  l e t  W ’ = (M 1) — l  and
J~~

. — ( J  ~~~ 
- I No~ d e f i n e  C , K , , at id Y to  b’. c o l u m n  m a t r i c e s  oh ’ Zn

Ci l) L ’Sia t t  ~- ‘.‘i ’ to r s  z t s  f o l l o w s  ( J 4 ’  r k o v s k~ , 1976)

~ ]‘ . 2  
-

• 1
G ~~~~~~~~ 

, 
L ’.~~ - , 

- 
-- , ~ .: ‘ I (o)

P 1 
I

— .2  - 
t

i -

L~ J ~~ I1 J [ -  j
‘. i h l er e  ~~ is ;l ;’ - z.-c . - ‘.‘ ‘ - ,‘ t or , and  I~~~. is  t h e  ‘ ‘Eul ’. ’ r coup l i n g  t o r e ’ ’
on B’ ‘dv i 1- .~. - I I  . .-\ i s o .  d ’ . ’f i i i e  ~‘ and as d iag on a l  m a t r i ce s
oh p o s l l : \ e  U. ’ f i t i i t e  s \ c t - m e t r i c  d y a d i .. s as f o l l o w s
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1
C 2

.

~C nI / 7

W 2

[ ‘
~~~~nj

~th e  re  \~~~1 -. \ l ’  I c\ = W ’ L and 1 is the id’.’ntit~~dyadi c. The off-
d ia ~. o i t . t l t ’ l e t t ~ et1 t S of ;m :i d - a re  t h e  z e r o  dy a d i c  0 . The p r i m i t i v e
t i t . t u c u t ’ m t t t t m  f , , r ’ i c c t t l . t t i o m i  . . q t t a t i o m t c - , f o r  t h t ’  n — b o d y s y s t e m  ~L r e  now
~lv t ’l l  l)~

G - X - K , (; = ‘ - or - = . C (8)

— w I c e r ’ .’ ‘K i . , , m o l u t t it n i a t r i x  oh .o.’ r ’,  ~~‘~~t o t ~c-, w h i c h  is i n c l u d e d  h e r e
o n l  ii ’ r 1m ’ . ’d~1 i~~ t ~ i c  il r e a  s’ m i s .  G , K , and - wil l  be ca l l ed  the  p r i m i t i v e
SV s t e I i t  m o t u i t r i t t i l i t , b r ’ .  e , . t i i d  ~ ‘ ‘ l ’ , ’t i t y ,  r e s p ec t i v e l y .  i. and .~ wil l
be t a l l ’ a h  t h e  o r i n u i t i v ’ . ’  sy s t e m  m a s s  and i n v e r s e  m a s s , r e s p e c t i v e l y .
“1 h ’.  ‘. ‘ l o  i t ) ’  t o r m c t t t l , i t j o n  e c j t t . t t l o i l  i s

(‘.) )

‘1 h i ’  k in ’ . ’t  ic  e ne r g y  of t h e  s’, s i t u )  of n ri gid bodies  is gi v e n  by

T 4 G~ 
. - a~~~~’ = ~ ~~~~ C (10)

w her e  C and a r t ’  t h e  t r a n sp o s e s  of G and - ; t h u s ,
C t = 1 

~ 
H?2 1 i ’.~~ p 1 p2 

‘ ‘.  P u amid s i m i l a r ly f o r  ‘.y ~~ The
t im’. ’  de ri  ‘. i t t i v t ’  of t h e  k i n e t ic  ..-n e r gy  is g iv e n by

T = K t . - ( 11)

In t h e  n e \ t  s m ’ .  t i o n  we e x p r e s s  t h e  p r i m i t i v e  s y s t e m  v e l o c i t y  in t e r m s
of a n ew  (or  I r u t n . ’ fo r m e d )  sy s t e m  v ’ ’l o c i t y  ‘ 

. This  then  a u t o m a t i c a l ly
d e f i n e s  n e w  s y s t e m  v a r i a b l e s  so t h a t  E q s .  (8)  to ( 11) m a i n t a i n  t h e i r  f o r m .

T r an s f o r m e d  Eq u a t i o n s  of M o t i on

We w i l l  u l t i m a t e l y he i n t e r es t e d  in the ‘u t s e  w h e re  t h e r e  a r e  less
t h a n  G f r ee  d egr e e s  of ’ f r e e d o m  b e t w e e n  soni c or al l  of the a d j a c e n t
bod i c’ s of t h e  t r e e  c onf i gu r a t i o n .  The  m -e fo r e , we wi l l  no~ t r a n s f o r m  to
r e l a t i v e  v e l o c i t i e s  wh ich  can  t h e n  be p r e s c r i b e d  if the o r re s p o n d i n g
dei .ir ’. ’es  of f r e e d o m  a re  c o n s t r a i n e d .

12
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Veloc i ty  T r a n s f o r r i m a t i o n

We wil l  now e xp r e s s~ the i n e r ,t ial  ve loc i t i e s  •~~ ~ and in t e r m s
of the r e l a t i v e  v e l o c i t i e s  £~~ and U1. We d e f i n e  ç41 as the  am ~gu l a r
v e l o c i t y  of Bod y i w i t h  r e s p e c t  to Bod y ~ to which  it is r e f ’ . ’r e n  ‘‘d :

= -~~~~ - (12)
-*0 -*

‘Jlod y 0 ’’ is t h e  inc r t i a l  r e fc ’r en c  t ’ f r a m e , and hence  J~ = 0. Therefore ,
= Il

Le t R ab  = r a - r b k be the  pos i t ion  vec tor  to point a f r o m  po in t  b.
A l so , f o r  k = I to i-u , let ~ den2te t he t ime de r iva t ive  of the vec tor
V with  r e s p e c t  to Body k; then , ~c Now define U’ as the  t ime
d e r i v a tiv e s  with r e s p e c t  to Bod y j  of the  posi t ion vec to r  to the  h inge  point

in Bod y i f r o m  the  base  point b1 in Bod y i

- R h b  ( 13)

Note t h a t  = ~ sinc eh 1b 1 h1 b
1 -

The p r i m i t i v e  i n e r t i a l  ve loc i t i e s  a~ and 
~~~~

- . can be e x p r e s s e d
in t e r m s  of the  t r a n s f o r m e d  r e la t ive  veloci t ies  as follows (Jerkovsk y,
1977b)

~ i 
=~~~~ ~~~~~~~~~ =

13 j ( i  ( 14)

= 
~~~~~~~~~~~~~~ ~~ + t ~~~) =  

~~~~~~~~~~~~ ~~~~+ U 3 )
j=I i j 3 ( 1  1 3

where we rnakc  use  of the notation that for any two v e c t o r s  ~ and
the d yad ic  of a is denoted by ~ and is de f ined by a .  ~~ ~~~~~~~~~ and
~~ j~ the dyadic  t ra nspose of ~~

‘
, and is defined by ~~

‘ • . ; no t e
tha t  ‘ - a , i . e .  , ~ is skew-symmetric. The inverse of Eqs.(14) ar e

= ~: ~~
. .  

~~~~~ 
-

~~~~~~

j= l -~

n ‘ . 
( 15 )

U i 
= u . ,  (R . ~ - ‘ ) = . 

~~~~ 
+~~~ 

- . -

13 c.h. c. c.h. c. c,h .
j=l j i  j 1 1  1 1 1  1

Note that  Eq. (1~k is the same as Eq. (12).

— 
We now de f ine  to be a column ma t r ix  of vec to r s  (a nd , th e r e f o r e ,

~ is a row matr ix  of v e c t o r s )  as follows:

= ~ (~l ~~2 
. ta~ ‘.~~ ~~ ~~

n ] (16)

Ecjs. (14) and (15) can now be wri t ten in the form

13
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- A ~~~, B ~~ , where  B = A ’ (17)

A is the t r a n s l o rr n a t i on  opera to r  v~h i ch  expres ses  the p r i m i t i v e  sy s t em
veloci ty  in t e r ms  of the t r a n s f o r m e d  sys tem v e l o c i t y  , and B is
i ts  i n v e r s e .  A and B a r e  m a t r i c e s  of d y a d i c s;  thei r elements  can  be
ob tained by in spection of Eqs. (14) and (15). Note that A . B B A
is an id en ti ty  w it h  Zn 1 ‘ s on the diagonal. See’ Jerko~-sk y (1976 , l977b)

for  examples of A arid B m a t r i ce s .

Induced T r a n s f o r m a t i o n s

In order for  Eqs. (10) and (11) to maintain their fo rm , we de f ine
the t r a n s f o r m e d  momentum , f o r c e , and mass  as follows:

G A t . C , ~~ = A t . K ,  ~~= A t
~~~~ , A  (18 )

Carrying out the operation A
t. G, we find ~ as follows:

= L H ~ h
2 

- ‘ j i~
1 

~~~~~ 
. . .  

~~~
“ (19)

where

- 

~ 
(it

, 
+ ~~~~ P )  >2 (

~~ . + 1
~c, h .  P )

3 1=1 1 j iE j 1 1 ~) (20)

F5 ‘—
,.  = >2

i i  ‘3 i Ej
Evidently, pJ is the l inear momen tum of the  set of bodies whose la be ls
a re  in the set j ; i. e. , the set of bodies outward from Body j. ~~ cluding
Bod y j .  If we refer to thi s set of bo4~e.,s as “System j “ , then P3 is the
momentum_ of System j. Similarly, H is the angular mom~~itum of
of System j about the hinge point h~ in Body j.  Carry ing out the operation
At . K yield s the same type of equat ions ,  with L’ s and F’ s replacing H’ s
and P’ s , re spec tively.

The de f i nit i ons of ~ and given in Eq. (18) now yield ~ = .

in the f orm

—“1 1 1  1 —.

1-I Ti . . .  ~fifl . . .

h h h  h h  c--h c--h1 1 1  i n  i l l  m l

_*j :~ .- ñl . . .  — . . .  —Fl h h 1h h S h 
S~ ~h, fl — ci 1 n n ni n nn ci ~

—‘P1 ,_1 —t —~ii11P S S M Uc--h c- -h1 1 1  n l n

~~Fi .
~ t ~~ni ...

I c- -h  c-L m l  r u i n

14
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~~~~~

~, he  i’ e

- 

~~~~ 
(~~~ 

‘ ~‘ l ” 
~~ 

R ~ ) = ~~~~(I ~ ~~~ h • 
c I i)

i k 1  Ic Ic m j k~
’ ij Ic k i Ic j

M ’~ ~~ = 
- , 

- , N ; 1’ R - 
, ~~ ( 2 2 )

c - h. ( . 1 1 .  b- , i  - ,
~~ 

i t . -~~
1 )  i 13 i Ic = Ic i Ic ( I I

I i- 
i

_
”\1 1J N1~~ I — 

~~~

. 

~~ 
N-I I ~~ N I ’  I

k = l  ‘~~ ~~~‘ I c d I

R ’.’’. a l l  t h a t  t h e  se t  i j i s  t h e  t f l t e r s e  i o t a  oh t lu ’ . ’  ~ ‘ ‘t s  i a o l  j .  U I j 0,
i l i . ’ . ’ c t  B y ~a mui  ov ’. ’r Ic c i  vj t ’ l ~~~ t i t ’ . ’  z e r o  d v a d c  0. i : i  j ,  t h a t .

wh ic h is  t h e  i i ’ . - r t i a  ( d y a u i  ) of S ys t - n i  j . m  ott  h~ ; a l so ,

N1 , h J NI ) , w l t m ’~ ii is  t he  muu ~m s s  o f S’, - s t t ’ r i i  . N u t ’.’ t h , t t  R ’. - u s  the
p o s i t i o n  v i ’ ’  t o r  t ’ ’  l i i i ’  p o i n t  e~~1 ,  t he  e n t e r  of m r l u m s s  ol ~ \‘s t ’ ’ u f l  ij ,  f r o n t
t h e  p o i n t  h~. For  an ~‘x , t m p l ’.’ at  ‘

~~ , s t ’ ’ .  Jt rk o ’, sk y ( 1 ’ ~ 7t t , l B’ 7b ) .

E ; ( B .  ( I S )  i ,av - t he  i t i v t ’ r s ’ . -  r e l u i t b o m o l u l p s

C = - C K = B ~~~~ - 1~~
. .  ~~ ( 2 3 )

C a r r y i n g  ou t  t h e  o p e r a t i on  l~~ G y i e l d s  t l~~ in ~~t ’r s ’ .  of Ec 1s . (~~~)

I i i  - . .  (U
1 

R - B
’ ) P3 

- - (n ,t
ij  I i .  h e .  . 

-

12 1 1 1 3  1 = 1  -

Sin-u i l a  r r e s u l t s  a r e  o b t a i n e d  f ro lu l  B
t 

‘ , w x t h  L ’ s and  I’~’ s l’ ’.’p la  c i  t ug

11 ’ a n d  P’ s , re  sp ’.’c ’ t i v ’ . ’lv  . The r e l a  t i o n s l u i  p - = ‘ C t a k e s  t h e  i u rn u

~;l m - ~ 1 I~ 
1

J
ill 

~~~ 
~~t 11 , 

. ‘ iu ~ (2 5 )
7111 ~~l l  . , ~~ln

mu - , , ->~
u t n  nI ~~‘ iuiu 

[ B~ j

re
U , - I i

= 
‘ . -‘ , 

.;ck 
= - - , , .

) J  ij I c j  cj  .

~~~~ 

ij kj i ;  i

( ‘ .~ o)
‘A 

—, •.~ — tw ~ , . c . ( R  ‘ J3 I~ \V 3 l)
~~~ 

ij kj c.h. c~ cj
hk
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Sinc ’’.’ t he  r e f ’ .  r en c e  m at  rix ~‘ is gene  r a l l y s p a r s e r  t h a n  t h e  pa th
m a t r i x  , t h e re  a r e  1’.’ss t e r m s  i n v o l v e d  in ge t i c ’r a t i n g  t he  e l e m e n t s  of

t han in A l e u u e r , -’ . t l u m ’ g  th ’.’ e l e m e n t s  of ~

T r a n s f o r m e d  E ’ . 1u at ions  01 M o t i o n

The t r a n s t ’o rmc ’d  m o i u i ’ . ’n t u u n  f o r m u l a t i o n  e q u at i o n  of t -not ion is

C N = K w h e r e  X = A t - X - A t 
. G (27)

and t h e  t m - a u u s b  o r m n e d  v ’.- l o c i t y  f o r m u l a t i o n  equat ion  m f  m o t i o n  is

~‘., i i c ’r ’ .’ Y A t . ( Y +  A -  ~• ) (28 )

Pc r f o r ,u in ,~ t i l e  i t u c l i c a t e d  ope r a t i o n s  foi- X and Y y i e lds

— I  -
~ -i -

~~ 
- ‘X ~~~~

v ) P . .‘  V~~~~~~ P (I ‘~~~~~
• 0 J

I -  n - 
~~~- (29)

~~~ii  ~~l - . - c ii i
ii I’m1 n

wht ’  ri

>2 (
~~, 4 R h C )  (30 )

j i (j  i i i

M’ 
~, 

M’ 
‘i:; . 

R h (31)
k i  i k

c = >2 c — 

~~ S h ( 3 2)
i j  k=l kj k

V r ’ ’ iuu  E q.  (14) , f o r  
~~Cj  we. qote th ~~t~~~’.. - is the  part of the acceleration

wh i c  I ’m i s  not h i n c ’a r  in  ~~-t ,t n d ~~J . t”J~~ e tha t  ~~ 1 is a ‘‘Coriol i s - t ype ”,
‘ ç k ’ nt r i 1u g , i 1 - t v ~ ’t ’ ’ ’  f o r t  t’ on Bod y i , and C3 is this  f o r c e  on System j .

is  a t o !  ‘ . b i t i e d  ‘ ‘ E u l e r  coup l i ng ’’ t o rque  plus momen t  of Coriolis-
t y p e  and u ( ’ n t r i l ) i g a l — t v p ’ . ’  f o r c t ’ . Of course , X and Y a r e  only
fi c t i t i o us  f o rc e s ’ ’  t h e  t r u e  f o r e ’ . ’  is K.

J ’ .’ r k u v s k v  (1 977b )  sh o ’ .’, , ’d t h a t  t h e r e  ex i s t s  a D s u h  t h a t

- - j )  - 
— -: ( 3 3 )

T h i t ’~~’ r - I , l o t s tl ) s  st a ’\ \  t h a t  N a mi d Y a r e  c lose l y n i  t t ’ . ’d .  H o w e v e r ,
I )  ~1 ’ . \ t ’ 1 ’, , ’5 ,  ‘ ‘ r  v ‘. t n i p h i c ~ i t ’  d t e r m s ;  soni c of t h e s e  t e r m -s d r o p  out f r o m

m id - I lu  cs d i-ui ‘ , u u t  f rom  Dt . - 
. 

— 
T h u s ,  it is not conce p tuall y

or ( ‘ . u t p u t ; t t i u n l I i V  t ’ h f t ’ . i ’ . ’ o t  t o  c u t ’ t ’ . ’ r r n i n ’ .’ D as a p r e l ud e  to d e t e r m i n i n g
X or Y i . e. , D is not a good “intermediate ” ~ar “ auxi l ia ry ” var iable .
it is m o s t  si r , i L h t f o r W a rd to cj~’termine X f r o m  Eq. (29) i  and Y f r o m
Eqs .  

~~~~~ 
to (~~~) 

~~~~ ‘.~~~~~ 1 

~ h ’  ~~ etc., are good intermediate variables.
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T h e  ~~i i  e q u a t i o n s  in  Eq. (2 7 )  can be v - n i t k ’n  Out  as  h o l l o w s

H 1 
~~~~~ .

I ’m . h . h.
i 1 i

— - ~~~~
p

h ’1

N at ’ . ’  t h a t  t h e s e  eq u a t i on s  ar ’.’ e s s t ’nt i : ’ .Uy Eqs.  ( 1. u ) and ( I .  ~~‘ 4 )  at
Mi -i r o v i t c l i  (1 97 0 ) ,  w r i t t e n  f o r  Sys t em i wi th  r e sp c ’.  t to t h e  :m - r u g
p o in t  h~ . S im n i l i a  n y  , f o r  t h e  Zn  eq ua t i o i e - . 

~~ Ic cj .  (28) we 1ia~’ ’. -

S~: ~~~~~~~~~~~~~~~~~ ~~ ~~~‘.~~ i , • ~~~ ~~~~~~~

, 
=

‘=1 m j i i i

- . .
- - (35 )

~~
i; ~~ - h 

- li’~ ~ - t_r~’, ~j
i — f i

_ i= I  ‘.
,i t  j

The  t r . t u s t o r r ’ m u ’ .’d equ at i o n s  of f l i’it i of l , + = i i i C  
— 

~ 
~~ K ,

i r e  nu t  r t ’ a l l y u s e f u l  in t h m .’i ’n at ’1~~es , b, ’ c a t i s t -  t h e y  , m l l ow a d e g re e s  of
r t ’ ’ ’ ( f o m ’ m u  b t - t ~~ ’.’ ’ . ’mi  a l l  t h e  bod ies  of t i m e  t N t -  I o n t i g u r u i t t o n .  If t h e r e  arc’

r - ; t  l i v  i t  B ’. r ’. - t ’s  4 ) 1 f r e e d o m  bc ’t i is ’c ’r ’m a l l  t i ’ m ’ .’ b o d i ’ . s  , t t i -n it is  m u c h
s in  p l t ’r  t o  u—c f l i t ’  p r i n u i t i \ ’ . ’  ‘‘ q u u m t i o n s  of m o t i o n  G X K or

- . ‘ 
‘ Y K .  l i e  r e a l  u t i l i t y  of t h e  t r a n s f o r m e d  e q u a t i o n s  is  that  in

a~ , u i u : I r 1 ’  t h e t a  ‘a- - h i t  r o e - t i  i ’ d ,t n u n ’t b i ’ m- of i m p o r t a n t  v i c t o r  and dyad ic
-
‘ a r h o  b i ’ .’ s v~ i i i ’ .  I ’m a n  be us ’.’d a S I n I  ‘ . ‘r r u ’m e d i a t t ’  or auxil i . t  r y  v a r i a b l e s  w h o ’
t h e  B t u a l  ‘ q r i . m t  ot i s  ( w i t h  l e s s  t h a n  6 dcgr ’ . ’’.’s of f r eedom b e t w e e n  s o m e  of
f l u e  boW es)  a ci-  o b t a i n e d .

S e p a r a t i o n  of’ F r e t ’  and Cons t r a ined  M a t  t or t

I t a t ’ .’ t h e  i r u i  p o s i t i o n  of consi  r a i nt s  in r e l a t i v e  mo t ion , we
, - x u ) , l n ( I  ~~ , and ~~i i n t o  sc a la r  c o m p o n e n t s  as fo l lows

= 91 + ~~~~~ Y~~ 4

-
~ + u~~ ~

- 
1 

- 

2 ‘ 3 (36)
I 1~ , ,y i - i ~ ’j + H~~~ -~,i’.:~ 

)
~~~

‘ 
~ l l ~, ~ i’;~ 

)“~
1 i 1 1 2  1 3

-i ,“- i /-“. i “iP ‘;~~ + P~ i ~~ ± 

~~~ o -;

1 2 3

, - i i .
l , t  - a n d  I a r t  exp ancR .d  s i m i l a r ly to H h~ and P , r e sp c c t i~’el y .  )/s

I ( a  3 a r t ’  3 gene  r a l l y n o n — o r t h o ’ 4 o n a l  uni t  v e c t o r  a t  h~ in Bod y i ,
- ‘  oh or  s I to 3 a r e  3 o r t h o go,~ia1 un i t  v e c t o r s  a,t b 1 in Bod y j.

- S t h e  r t  ‘ . i~) r o c a l  v e c t o r  to ~~~ , and h e n c e  y ’ ’  . = I , and
- 

‘
~~
‘
~~ = P if  r s. Now i n t r o d u c e  the  f o l l o w i n g  colum~i m a t r i c e s
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- -  -

r—’•~-’i-i 
._~~‘:c

~
y

1 
V

1 
a 1

(37)

~~~~~ 

V 3 
a 3

U~~i 
- 

H~~~~~~~~~~~~ i’t  

- 

p~ i

= ~~~~~~ U ,,~ U~i~2 
H
~~~r1~ 

H~ yi’~ , ~~~ = P~i (38)

E qs . (36 )  now become
~~~ - ‘t  . . . t .  , ,,~~t

r ’ c~j~~ = ~
‘ = r ’’~ H~~~rj *~ P” ~ P”.~j (3Q)

Now making  use of

r 1.r ’ = l 3~ A 1
~ A i = l  r ’ - r~~~= i 3 (40)

where 13 is the 3x3 identity matrix , we can invert Eqs. (39) to yield -

‘

= - , ~~~ = . H~~~’~’.:~ 
I’~ . ~~~~~~~~ 

. F5’ (41)

These equations can be inver ted  again , to get back to Eqs. (39) by making
use of

- _ .,_ t -

r ’ P1~ ~f’ ~ ~ =T , r 1” r ’ =1 (42)

where u s  the identi ty dyadic .

We now suppose that the “gimbal axes” or “Euler ang le axes ”
are  so a r r an g ed that if there  i s one f re e rotational .de gree of

f reedom for Body i , this de gree  of f reedom is about ; if there are
two f r e,~ rotat~o,nal degrees of f reedom , these  de gr ees of f reed om a re

~ bout Y~ and . Similarly, we suppose that the “dis placement  axe s”
b ~ a re  so a r ran ged that if there  is one f r e e  t rans lat~~nal degree of
f r eedom for  Body i , this degree  of freedom is along bj ;  if there  a r e
two f r ee tran slat ional  degrees  of f reedom , these degrees  of fl ’eedom a r e

along ‘
~‘j and . This orderl y s~~pa ratiofl of f ree  and constrained axes

allows us to wri te  I’~ , P”~ , and ~~ as follows:

r~1 [r~1 -

r 1 
= , r-” ~1 

= (43)

r’I i I~
c

cJ LC J c

where the subscr i pt f denotes the f r ee axe s , and the subscript  c denotes
the constrained axes. We can similarly separate the components of

18 
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- —-
~~~~~

-

, , a rid l-~

}J i i  
p11

~~~ H 11~~~~i~ 
= 

H lj  ~~~i 
= 

~J 
j  

(44)

C C C

E qs. ( 3 6 )  can now be expressed as ( c o m p a r e  with Eqs .  ( 3 9 ) )
— - . t  - _ t  -

= r ~ + r’~ ch1
f C c C’

--• i i t i i t IU ~~~ U 4-~~~ UC I 
- 

e (45)
= r ~ 

:~~t 

~ r ”~ I-I ’
h .  I I c c

—.
-._ 

- t  - t
i i 1 1 1P 

~~
, P -  1 ‘ P— ! 1 (‘ (

In v’. rs ’. ’ly ( c o i ’t -mpa  r ’.’ w i t h  Eqs - ( 4 1 ) )

= ~~i 
= -

I C C

u’. -- ~‘ - d’ = . ij1
I £ 

- 

c 
- 

(46)

H ’ — P . l l ’ , FI 1 P
f I h .  c c h.

pi ~, i . = A -
f - f  c c

L~~. and F
i a r t ’  e x p a n de d  s i m i l a r ly .

V e l o c i t y  T r a n sf or nu at i o n

We a r e  now in a p o s i t i on  to  d e f i n e  the f r e e  var iables  c , Gf ,  K
and th ’. ’  c o n s t r a i n e d  v a n  a b ic s  

~
- ,  ~~~~~~ 

K~ . We define A and “ as f ollows

—
(4 7)

‘a -h , -  r ’.’ is a r e c t a n g u l a r  m a t r i x  of v e c t o r s  and ~ is a co lumn m a t f i x  of
s, ’; , t a r s .  The  e x p a n d e d  f o r m  ( if  t h i s  equat ion  is as fo l lows (compare
w it h  E qs .  ( 4 5 ) )

19



r t  ir  ~~1

I ir ’ t n 
‘ 

-

f I ’ I
... 

.

= 
r~ 

i t ( . 
it 

‘
~~f (48)

[
~~~r ’m 

•
~~~~~~~~~ t

]

C-

U ’

L
C

J

Not ’  t h a t  as i nd ica t ed  wi th  dashed l ines  in E q. (4 8 ) ,  t h i s  can rca dil y be
w r i t t e n  ii i  p a r t i t i o n e d  fo rm as fol lows

= A f A 1~ ~ 
A~. 

~ 
+ (49 )

c

The i n v e r s e  of thi s r e l a t i o n s h ip is

— 
- 

—

= B - B~ 
- . 

- 
( 50)

L c Hi
whei ’ t is a r e c t a ng u l a r  m a t r i x  r~f v e c t o r s -  The  ‘ . ‘x p on d ’ .-d f o r m  of t h i s
equ~m t i o n  is as f o l lo w s  (coro pa r ’-  w i t h  Eqs  - ( 4 6 ) )
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1 ~~l 1

Ii 
~~~

~~~ 1 

[dnj
2 — - — - ‘  (51)

r U ’
C

~~fl j t’m~’
C

~~ U
n

~~ 
,, n

L~~~~~J L
1’’~ i d en t i y ,  A is a m a t r i x  of uni t  v e c t o r s .  B Can  be f o r m e d  by

t a k i n g  t h e  t r a n s p o s e  of thi s m a t r i x , and t h e n  rep laci,~ g ~~~~~ of the  u n i t

vect 9 ’.r s  by t h e i r  r e c i p r o c a l  v e c t o r s :  symboli cal1~~~,~ A t ” . Note  t h a t

‘6n ’  t h ’ m ’ . ’  6n -\ 6n iden t i t y  m a t r i x , w h e r e a s  A B  is an i d e n t i t y  w i t h
Zn I ‘ s on the  d i a g o n a l .

In du c e d  T r a n s f o r m a t i o n s

We now d e f i n e  G and K so tha t  the k ine t ic  e n e r g y  T and i ts  t ime
d c ’r i v a t i v e  T maintain the general f o rm

1 — t  I “ -t ’-’ 1 “ t ”  “ t ”
T =~~~ G ~~~ -~- G  2-( G f ’ f + G  c~~

= 1- 

(52)

This  requires tha t G be defined by

~ —~
--~ — — rA 1

G = A - G = A f G = 
J 
G

f 
(53)

A IG
C L C
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C a r ry i ng  out t h e  i m i d i r a t t ’ d  o p e r a t i o n s  y i e ld s

H~

H~ H~
(
‘ 2 j- = ( 5 4 )

f c

H]
Simi la r  e ’ qu a t i o~-. ar e  o b t a i n e d  f~~ K , ‘a i t h i  L’ s a rid F’s rep laci ng Ii’ s
and P’s. Not’.’ t h a t  ~ , G ,  and K ar ’. ’  ‘.- o i u r i t n  m a t r i c e s  of s c a l a r s,

It is  a l s o  n e c e s s a r y  to d e f i n e  ‘a by

~‘
—
~- ~~

. — 
— 

— r ,~ ,-~

~i A - ‘ a - A~~~~~A ~~ i . J A  AL 1  ~-
,-‘t

C (55)
__ — ~ “i r~—~ ~~-.

- -  

A f 
- ‘a - A f 

A
f ~ A 

~ ~fc
— 

‘-“I — “ ~~~~~ — “ \ l  l , .—~ ,A,
A ’  

~~~~~~~~~~~ A A - ‘.i -A  l~~L
c f c C L’ .~

1 cc

Car ry i r i g  out t he  i nd ica t ed  ope ra t ion  y ie lds

l~~ç ~ rs 

~~~ I

~ ~~~~~~~~~~~~~~~ 

‘~: (56)
rs r S ~ 11 t 

, , ~~~~ 
~~~ - ~~ln 

,sr sr rs rs

_ _ t  
~~~~

- -  - -

S ‘an n M~~’ - - ~~nn
s r  sr  rs r s

w h e re  r , s = I, c , and w h e r e
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_ _ _

, —  .

113 ~~~~~~~~~ . ‘f’J . rJ
r s  r h , h , s

1 3

1*~s 3 = r  - s (57)r s  r c-. ,h s
&J 1

2 ~~~~~ ~~~~~~~~~~~

r s  r 5

T~~t ’ r e l a t i o n s h i p G = ~ has the i n v e r s e  r e l a t i o n s h i p =

w h e r e  is d e f i n e d  by
— —‘, t ,‘ ~ — ‘. ,A, 

~~~v = B .~~~~~~B =  B ~~~~
. 13 i i iI c

B

- ~~~~~~~ 
B

f - ~ ff ~fc  

(58)

- 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

c I i, cJ cf cc

C a r r y ing  out the  i n d i c a t e d  op er a t i o n s  y i’.’lds

- 1ln 2 u 1  . - . 91n
rs rs r s  rs

1nl - - 1nn 9111 
- . -

= j~’ . ‘ ~t 
= 

r s  r s  r s  ‘ r s
i S r S 

, 
~~~~ 

. . .  ç r t

t ~~l~~t ~~ 
- ç~.nn

w h e r e  r , s = f , c , and w h e re

r 
(6 0)

~~~~~~~~ S~~p a r a t ed  E q u a t i o n  of M ot io f l

‘
~~~. The m o m e n t u m  f o r m u l a t i o n  e q u a t i o n  of mo t ion  is now given by

A ‘
-
‘ ~~t — A t —

G + X K where  X A  - X - A  - G (61)

and the velocity’ ~o r m u 1ation equat ion of mot ion is

23
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* A 
~~~ 

— — A ~i-~ 
- -f I = K where Y = A . (y + ~ . A ~) (6Z )

It is actually m o r e  c o n v e n i e n t  to d e t e r m i n e  Y f rom Eq. (62)z  with
‘a expanded .  Thus ,

‘
~~~ 

,—“t t ‘- ‘ —V = A { A L Y + ~i (A . + A - A - ) ]} (63)

P a r t i t i o n i n g  Eqs. (61) and (62) into free and cons t ra ined  p a r t s,  y ields
A 

~~~ ~
-

~~t 
— At —

G 4- X = K where X A X - A G (64)
r r r r r r

‘~ ,—.. A ~
—‘ - —‘- “~ “t — — A “

i . ’ +~~ 
- + y  z K  whe re Y A . ( Y + p . A ’ ) (6 5)

rI I r c  C r r r r

f o r  c , and w h e r e  X and 1
r 

a r e  g iven  by~ ’

- ~~i f ~l j ~ l
r h

1 
r h

1 
r h

1

r ’~~- ‘
~~ 

—~~r~~~~~n j ~6 ç fl ,
r h , r h r

2~. - 

n 

* 
~~r ~i 

n 
(66)

L r 
— 

r 
-

re

> ( E~ + R h 
~~~~~ ) (67)

j i=l 1 3

=1 •~i “~i = 1E = E -~ I ~~
‘ (68)

C. c.  C .
1 i

= ~~~ t’~ ch’~,k (69)
k E i

C1 
= M1 

~~~c h  - r k t
c4~k + 1

~c.h 
- j~.k

t 
~~~k + 

~~~k
t 

U~ k ) (70)
k~ i i k  i k

1=
M a

C-i
-1 , ,  ‘‘:~N ote tha t ‘

~ 

= 0 ;  it  is r e t ained  in X r in Eq. (66) mere l y to sh ow t h e
gener a l p a t t e r n .
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U,,

= (71)
i E j

~~ote tha t  t imes  the sum ov,~ r k for  the f i r s t  temi in Eq. (70) yields
of Eq. (31). Also note  t ha t  ~ Cj  is the p.a,rt of the translational

,~~ e t. e l ’ . ’r a t i on  ~ c ’ wh ich  is riot l inear  in .~~ ‘k and UJ k - similarly, ,-
~~ is the  p a r t  o~ rotational,~ cceleratio1i ~~‘ which ~5Anot lir~ear in
and U~k - It is  c l e a r  tha t  X r is concep tua l ly simp ler in “

~
‘r

E qs.  (6 1) and (65) each r epresen t  two equations:  one for  the f r e e
‘~ a r i a bl e s  ( f o r  r f ) ,  and one for  th e constrained var iab les .  The cons t ra ined
v a n i a h i L s  can be d et e r m i n e d  al g eb r a i c a l ly f r o m  the f r ee  variables , and
t h e r e f o r e  in a dy n a m i c s  s imula tion  we only need to “in tegra te” the free
v ar i a b l e s  equa t ion .  In the  momentum fo rmula t ion , the requi red  d i f fe ren-
t i i t l  equa t ion  is

Gf 
+ X f 

= K
1 

(7 2)

t oget l ie  r w i t h  the  al g eb r a i c  equation

G f 
= 

~ ff I + 

~fc 
‘
~c 

(73)

- -

In e f f e c t  * 
it is  n c c e s s a r~~ to i n v e r t  ~j , , in o rde r  to obtain in t e r m s  of

the  “k n o w n ” q u a n t i t i e s  
~~ 

(known f r ~~m “ in t eg ra t ion”) and ( p r e sc r i b e d ) .
In the v e l o c ity  f o r m u l a t i o n, the r e q u i r e d  d i f f eren t i a l  equat ion is

,~ A
‘
~ff f + 

~ fc ~
‘ c + Y f K f 

( 7 4 )

\ot ’.’ t ha t  in th i s  lo r mu l a t i o n  ~ve n ’m u s t  a l so  e f f ec t i v e l y i n v e r t  
~in  a d d i t i o n , we m u s t  g e n e r a t e

The c o n s t r a i n t  fo r c e  K~ is not r e q u i r e d  in e i t h e r  f o r m u l a t i o n .
Should it be d e s i r e d  to g en er a t e  R~

, it c a n  be clone in the m o m en t u m
fo r m  u la  ti on fr o m

K = + X c (75)

and in  th ( -  v e l o c i t y  f o r m u l a t i on  f r o m
A ~ A “~

K - Li, + ‘a -
~ + Y (76)

c cf f c c  c c

‘\ u t ( ’  t h a t  in a v ” l o c i t y  f o r m u l a t i o n  s imu la t i on , all the quant ities req uired

to g e n t - r a t ’ . ’  t h e  c o n s t r a i nt f o r c e  a r e  a l read y “avail~~ble ” , whereas  in
a m o m e n t um  f o r m u l a t i o n  i t is~~ ecessary to generate ~~~ 

We will give
an a l t e rn a t i v e  e x p r e s s i o n  for  K~ in the mome ntum formula tion  in the
r e xt  set  t ion ( s e t -  Eq. ( 105) ) .
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C u nt p u t a t i o n a l  A s  p t ’ .  t s

ln bo t h i t h i ’ .’ r r o n ’ . ’ i u t a t ’ t ,  ,oi c i ~‘ ‘.- l o ’ . i t \’ f o r n i u l a t i u r i  i t  i s  ( i t - ,  , - ‘, s ; t r ’~ to

‘ . ‘ I i e ’ .  t i v e l y i n v e r t  Ut t ou r s e , a ’.  ~u a l  i r i \ t - r s l o n  i~~ not r e a l l y i i ’ ’  ‘.~~~~~
-

s t r y  s i l l ’ .  c’ i t  i s  onl y r ’te ( ’ t ’~~~~t r y  to  ‘ ‘ so h ’ - ’’

~~ i 
2 - 

~~f c  c 
( 7 7 )

f o r  - or t o  “ so l v e ’ 

A
f 

= K f 
- - 

~~fc c 
( 7 8 )

f o r  , N u m e r i t a l I ~’ , t i l t - s e  t w o  ‘‘ s o l vin g ’’ p r o ce s s ’ . -s  ar e  i d e n t i c a l
,u-id s o nic  s o r t  of i t e r a t i o n  p r o ce s s  can be used wh ich  m an i p u l a t e s  t h e
t ’ 1, -m e r i t  S ( i f  ‘a 

~~~~

- I io ’a ’ev ’. ’  r * 
R it s  s e l l  (1971) h a s  shown tha t  i t  is m o r e

e ff i ’. i e nt ,~t o  o i l ip u t ~~ onl y t h e  ‘‘di a i~on al  hi ocks ’’ of and to  pu t  the
N’ st  Of -‘ t i r e ’ s on f l i t - ri g h t  h a n d  s ide , w i t h o u t  exp l i c i t l y  c or i t p t i t i ng
t he r e s t  *th i ’ .- ‘ h ’ i i t e i i t s  of 

~~~~~~~ 
T h i s  l o rm  of ‘ ‘block i t e r a t i o n ’’ is

di~~’. ’ . i s ,-,’ .’d i ~v V i r g o  ( l ’ 4 t ~~ ).

- \ n o t  h t ’t ~ n o t  ho d of a ~
- - i c i i n g  t h e  i n v e r s e  of 

~f is  to  ( o m p u t e  t h e
i rii ’~ - r s t ’  of -

‘. 
en d  t h e n  us , ’ the r e l a t i o n s h i p

— I ‘
~
‘ ‘~“ ‘—“— 1 ‘

—
‘

— - -‘ ‘~ (79)
ff  ff  f c  cc Cf

I g n o r i n g  t h a ’  c o n s t r a i n t s , t h e r e  a r t ’  6n d e g r e e s  of f r e e d om  in a s y s t e m  of n
r i g id bod ie s,  if nj- of t h e  d e g r ee s  of f r e e d o m  a r e  f r e e  and n~ a r e
c o n s t r a i n e d  ( n1 n~ 6n ) t h e n  t h e  use  of  Eq. (79)  may  be *es i rab le  if

- 
, or it n i g ht  h’.’ d - s i rab l e  to use  Eq. ( 7 9 )  because  ‘

~ m a y  be
s pa r s e r  (or  o t h e rw i s e  s i m p l e r  to  c o m p u t e  because  of l e s s  m u l ti p l i c a t i o n s )
t h a n  - ‘

A n o t h e  r , i l t e  r n t ; i t i  v ’.- t o  ana l y t i c a l l y g e n t- r a t i n g  al l  t he  e l e m en ts  of
- - - 

,~- ,\, _
~ -i s  to  us ’.’ t i n ’ .- r ’ . ’ l a t i o n s i i i p  G = t,i- - in the form

- ~~~~~~ ~ 
“

G -~ 
- 

- ‘ a -  ( 4 )j  w h e r e  } A - A ( 80 )

The  j t h c o i u m n  of ‘1 is  ib ’ .  n ob ta ined  by l e t t i ng the  ~th e l e m e n t  of ‘
~
‘

in E q. (80) he u n i t y , ,~wh i l ’. ’  t h e  r e s t  of t h e  e l e m e n t s  of “ a r e  ze ro ,
and t h ’ . ’n  c o m p u t i n g  C in th~~ ” .- s t a g e s  as i n d i c a t e d  via p a r e n t h e si s  and
b r a c k e t  in  Eq. ( 8 ( t ) .  The C o b t a i ne d  in th i s m a n n e r  is t h e n  the  ~th

c o l u m n  of ‘
~~ . This  a p p r o a c h  l a s  b, ’cn used by R u s s e l l  (1969). The

e l e men t s  of -
‘ can be obta ined  s i m i l a r l y f r o m  the t h r e e - s t a g e  computa  -

t ion
‘‘ “ -

‘~~~~~~~~ [ ( ~~~~G ) ~ w h e r e  P B B  (81)

“ -1
and , of c o u r s e , ç~ = - Some computa t ion  and compu te r  s t o r ag e  space
can  he s a v e d  b e c a u s e  ~ and a r e  s y m m e t r i c .
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S t r i c t l y s p e a k i n g ,  the equat ions  of ~~uss ell d i f f e r  somewhat f rom
the n ) o n , e z i t u u n  f o r m u l a t i o n  eq u a t i o n s  p r e s e n t e d  h e r e i n , because  R u s s e l l
U s e s  v e t o ’ .  ~t l t ’s  and m o m e n t a  r e l a t i v e  to the composi te  c e n t e r  of mass .
Such e q u a t i o n s  can be ob ta ined  by t r a n s f o r m i n g  f r o m  the abo~~e trans-
f o r med  v e l o c i ty  to 2 ’ wh i ,, h  is the same as except  tha t  U 1 is
rep laced b y 

~~~~~~~ 
, the  ~“ . ‘ l to ,  i t y  of t h e  compo,~ite ceA lte r  of mass .  ‘

~
‘ 
~t h e n  rep laced  by a s i m i l a r  ‘

~ ; s imi la r l y G’ and X’ are  rep laced by ~~~~~
‘

and . In f ac t , R u s s e l l  (1969) r e f ’ . ’r s  to C ’ arid ‘

~~~~
‘ as “ pr imed m ome n -

t urn ” . In such  a f o r r e u l a t i o n  one a l so  obtains  a ~~~
‘
, ~~~

‘ , etc.  , but fo r
c o m p u t a t i o n a l  ef f i c i e n c y ,  R u s s e l l  a lways  avoids anal y ti c generat ion of ‘a ’.

W h i - t h e r  a m o m e n t u m  or v e l o c i t y  f o r m u l a t i o n  is used , the
“ i n t e g r a t i o n  a c c u r a c y ” m u s t  be checked .  One t ime-honored  check is
che ’.- k j n ’  t h e  i on s t an e -~ of t he  i n e r t i a l  ornponents  of total angular
m o r r t e n t u n ’i d u r i n ’ per iods  of ze ro  ex t e rna l  torques  A more comprehen-
s ive  cheek  ~vould he to c o mp u t e  and i n t e g r a t e  T = + and
com p a r e  th i s  i r i t e g r a t e ~~ v,klue ,~

f k ine t i c  e n e r g y  ~~~th the  kinet ic  energy
ob ta in ed  ~~om T = ~~

- 1G~ ‘-‘i + G~~”~’~ ). Note  that ‘
~C~ m a k e s  a contr ibut ion

to T if 
~c is not z e r o ;  s imi l a r ly ,  C contributes to T.

Coup ling of F r ee  and Cons t ra ined  Mot ion

As  an a l t e r n a t i v e  to t r a n s f o r m i ng  to f r e e  and cons t r a ined  va r i ab les ,
“e can  leave the equa t ions  of mot ion  and e q u a t i o n s  of cons t ra in ts  in a
coup led f o r m , and then  solve the e q u a t i o n s  of mot ion  and equat ions  of
c o n s t r a i n t s  s i m u l t a n e o u s ly.  Re -ca l l  we s t a r t e d  out wi th  C + X K or

- - 4- 1 = K and then made the t r a n s f o r m a t ion
,~~w h e r e  ~,4 A - A (82)

Th i s  can  be w r i t t e n  as

,‘ 
=~~~~~~i ” ’~’ +~~~

I’” (83e I f I c c

C

w he r e  4 =  A - f o r  s = f a n d e .  I n v e r s e l y ,  we h a v e

‘~~ =
‘~~ - = fl~, ‘ = (84)

~~~ —*wh ere  i~ = B B and l~ = B - B t o r  s f and c. Sine’.- v~e consider
to be p r e s c r i b e d , we ~e f f e c t ~i ve l y h a v e  t h e  e q u a t i o n  of c o n s t r a i n t

1? - ( 8 5 )C

There are n c scalar elements in - and thus th’-r t ’ ar t- ci , sc a l a r
equations of constraints .
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From the equat ion C = -4 a we get t h e eq uation

- K  (86)

I n v e r sel y ,  we have

K = Q [ ~~~t ]  

~~~~ J 
= I~f K~ + 

‘

~~~ ~
‘
c 

(87)

Thus , we can w r i t e

K = K
a 

+ K
C (88)

wh ere
a f\t “ cK I~~ K 1 , K -

~~~~~ 
K (89)

K a is the “ app lied” pa r t  of K , and K C is the “ cons t r a in t” par t  of K.

[f the multi-bod y config urat ion is not ~~t ree , it is not a s imple
m a t t e r  to  f ind the  t r a n s f o r m a t i o n  operator  4 and the approp r iate
ve loc i ty  ‘~~ with  f r e e  e l e m e n t s  “

~~ and constrained e lements  -

H o w e v e r , it is usua l ly s imple to obtain an express ion  of the form

- = 
~

_
c (90)

fo r  the  c o n s t r a i n t s  of the mul t i -body confi gu r a t i o n . Here  - i~~ is som e
( p r i m i t i v e )  ve loc i ty  cons t r a in t  t r a n s f o r m a ti o n  ope ra to r , and 

~~ 
is some

ar e s c r i b e~~~c o n s t r ain t  ve loc i ty .  In a t ree  confi gu ra t ion , we simply take
to be 

~~~ 
and we take ‘

~~~ 
to be ‘

~
“c - From the general  p roper t ies

of Lag range  mul t i p l ie rs , it now follows tha t  we can wri te

K = K a 
+ K c where  K C 

= ~~~ (91)

where  K~ is the Lagrange  multi pl ier  column matr ixj usua lly~~ enoted
by ~ ) . In the  case of a t r e e  confi gura t ion  we take K~ to be ‘K’

~ Thus ,
the momentum formula t ion  equations take the form

+ X K a + P~ ~~ 
(92)

and the velocity formulation equations take the form

+ Y K a 
+ ~~ K (93)

In either formulation we also need the constraint relationship in
Eq. (90). We will now examine what is required to determine in
either formulation.
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V e lo ci t y  Fo r m u l a t i o n

In the  ve loc i t y  f o r m u l a t i o n , the  s i m u l t a n e o u s  equations which
m u s t  be solved a re

-
‘ “‘ — I K a~ y

— 
. (94)

(~ 0 - K  -

C ( 
— 

C- i-

wh c ’r e  the  second row of thi s m a tr i x  -qu a t i o n  was ob ta ined  b y t ak ing
t h e  t ime  d e r i v a t i v e  of E q. ( 9 0 )  - In v e r t i n g  t h i s  r e l a t i on s h i p y ield s

L K 2 ;

e’ r e

d - 

~~~ 
- p t )~~l

a = ‘ i  - d j~ -
C C 

(96 )

b = - 
~
‘ - fl~ d

e - - ci i~ 
-

H ence-

c - c -  (K a \~~) d ( ~~~~~~~~~~~. -
)

The d i f f e r e n t i a l  eq u a t i o n  of mo t ion  is now

2 a - ( K a 
- ~~ 

) + b ( 
~~~~ 

- - - ) ( O s )

N o t e  t h a t  f o r a t r e e  c o n f ig u r a t i o n  we max t a k e  i- - to be ~ . . ar -id
then  d is equal  to ‘-

~~~~~ - The e v a l u a t i o n  of i a n  of ~ ou r s ’ . ’  b~ r ep laced
by an e v a l u a t i o n  of ~~~ a c c o r d i ng  to  the  r e l a t i o n s h i p

,.~ ,—,~— 1  “= ti- — ~ - - - — (~“1)cc cc ci - If f c

M o m e n t u m  F o r m u l a t i o n

In the  m o m e n t u m  f o r m u l a t i o n , tb ’ .  s i m u l t a n e o u s  equa t i ons  ‘a L . a
m u s t  be solved a r e

1 C 
-

~

- 
_ I H - 

( 100)
-K ‘c c ‘ c c

29



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where the second i-ow of t h i s  m a t r i x  equa t ion  was obtained by se t t ing
= - C in Eq. (9( 1 ) a rid t h e n  t ak ing  the t ime  d e r i v a t i v e .  I n v e r t i n g

this  r e l a t i on s h i p y i e ld s

C a L K a
~~~~X

- 
(101)

-K I d  d ‘ - l ~~~~~~ -~ P - v - C
c C C

w h e re

d = - ( f l  - - ~~t ) -l d

~~~~~-

— 
(102)

b = ~~~~~ d 2 
~~~~

- b

V c

Hence

Kc~~~~~~~~~~~~~~~~~~~~~~c~~~~c 
-~~~~ -~~~- G )  (103)

The e q u a t i o n  foi- G iii E q. (1 01)  is  a c t u a l l y l e s s  c o n v e n ien t , thoug h
e q u i v a l e n t , t han  the  ori g inal  e q u a t i o n  C = K~ - X + P~, K c . The
e q u i v a l e n c e  of K~ in Eqs. (97 )  and (103) fo l lows  f r om  

*

Y = X + ~i 
- ‘- = X - ‘a • ‘

~ - G (104)

Thus , w h e t h e r  a ve loc i ty  or a m om e n t u m  f o r m u l a t i o n  is used , e s s e n t i a l ly
the  sam ’.’ e q u a t i o n s  a r  i nvo lved  in d e t e r m i n i n g  the c o n s t r a i n t  f o r c e  (or
L a g r a ng e  m u l t i p l i e r )  K

~~
.

R e c a l l  t ha t  when  we d i s c u s se d  solving fo r  in the previous
sec t ion , we found  that  Eq. (75). f o r  the m o m e n t u m  f o rm u l a t i o n  was
not real ly convenient  because 

~~~ 
is not avai lable.  We now see that we

can use
A A

~~1 / ~* At ~~~ “--1 “ “K -
~ 

- - - (P~ K f 
- Y )  + “cc ‘c 

- 

~c

- 
(105)

A _ i  A A t  A / \ — l  .—.. -

- 

~~~~~~ ~~~ 
- - (~~ K~ - X) + 

~~~~~ 

‘

~~~ 

- - - -

~~~~~~ 

- - C)

Note t h a t  e i t h e r  f o r m s  of Eq . (10 5)  could be used with  e i ther  the
v ’. ’loc i ty  or the m or n e n t u ni  f o r m u l a t i o n .

Compar i son  With The L i t e ra tu re

Table I lists som e of the better known references on multi -body

space ’.-  r a f t  dynamics  and br ie f l y comments  on them in the li ght of the
above d i s c u s s i on .
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Ti - 
~~~~~ L n a t ~~oI1s ~ I Inoke ’ r and M a r g u l i ’ . ’ s  (1965) and of Robe  rson

,~ n t t 1  ,\ i t t ’ .  n b , i r ~ ( 1 ’ O ~n~ ) ,n  be o h t a i r i ’.,’d i n  two st a g ’ . - s  as  f o l l o w s :  F i r s t ,
i s  t ’ , \ ) i’ , ’5~~, ’ . ’ ’ . [  i i ~ t e r m s  of 

—- w i n c h  co n s i s t s  of t i n e  i n e r t i a l  a ng u l a r
V t ’ l o t  i t i t ’ s of ‘ - a e h  bod y p lus  i i ’ . ’ i n e r t i a l  t r a n s l a t i o n a l  v e l o c i t y  of the

‘ni p o s it ’ .’ , ‘. - n t ’ .’r 0 n - i a s i - n ; tb ’ .  ‘.‘qn a t l an  of n ’-iot iori the ’ n is
V ~~K wla ’i- ’.’ 

~~~~~~~~~~~~~~~~ 

‘ . = A~~ -
~~~~~~~

- A 1 , a n d K = A ~~- K ; th ’.’
t ’ i ’ ’ ’ L l ’ . ’ c i t s  t t ~ c an  b’.- e ’\ pr ’ . ’ s s t ’d  i i i  t e r m s  of ‘ ‘ b a r yc e n te r s ’ ’ and

‘ n c n ’ ’ n i n ’ .’nt ~ -c_j t i o ’ . n i t ’ s ’ ’ _ Second , th~- t r a n s f o r rn e’d ecj u a t i o n  of n i o t i o n  is
uu p i t ’n  w i t h  t h ’ .- r ’ ’ l , i t i ” , e’ t - O i l jt i O f l  i - o u s t  r a i n t  e(~U at i O r l , B2 - = 0 , and

n i ’ .’ ‘ ‘ i n s t r a i u i t  t o r q ue s  a r t - o b t , i i  n d  ~- i a  L ag r an g e  n iu l t i p l i e r s .

u ’’. - t i t ’ . ’  t i n -  r ’ . - f e r ’ . - n ’ .’ ’.- n i i t i ’ i x  :‘ to  t i n t ’  ‘ ‘i n c i d ’ .-n c ’.’’’  m a t r i x  S on
i~’ , , I , ’ . - i ’ s o t i  a nd \~ i t t & - n b u r ’ g ,  l e t  H u ’.’ t i i , ’ f i r s t  r o w  of : , a nn  i t t  ‘ 2  be t h e
I- , I n l a j r U i 1 ~~ u i — i  r o ws .  Ih ’ . ’n :2 - ~ I , a r id e a c h  o lum n  of S (or  row of

, 1 , t j n s  ;~ii /. , - r ’ . i  c i t - m e a l s  t - x c e p t  f o r  ( l i i , ’ 1 and t a o ’  — 1 .  S i m i l a r l y ,
a a i t i  r l l , t r - i \  an  b~- n ’ e j ; i t , ’ d t o  t i n ’  ‘‘ o rde r i n g ’ ’ m a t r i x  T of

- n’ s ,  e n a r id  \V i t t ’ .’ ‘t h u  r (s O i n i e l  in n  e s c,le n i t  0 ad b y S~ ) - Let - ‘

~ 
be t h e

f i r s t  t u i n e i n n  of -- 
, ar i d l e t  ‘ 2 be t i n ’  r e - P a i n i n g  n — i  c o l u m n s .  T h e n

2 Tt , a id t i n ’  I i  r s c ol u rn  ii oL T (o r  eta -a’ Ui 2 ) c oat  ;t i  i n s  ne l l  ze ~~e ’I’ ’ n i n ’ nj s ,  ~ n f l e ’ . ’  and  a r t - i n l \ ’ .’ r s e ’s  of ‘. - , n ’ . ’ hi o t h ’ . - r  ( ~ 1 m the
n - n id t - n a t v  m a t r i x ) ,  i i  f o l lowi -n  t h , t t  

2 2 ‘~~—~ 
j • ’ .~~~~ 2 

is a l e f t
i n n \ t - r s , - i i  2 c n ) l n s e ’qU ~ - l t l y ,  St T~ i i i ’ or TS

Fh ’. ’  ap p r o a c h  of V ’ . - l n n i a n  ( 1 ’ . ) n ’ 7 )  is  s iu n i l a i -  t o  t h a t  ui i - l o o k c - r —
Ma r g u i i e s  and  R o h c - r s o n —  \ V i t t e ’nbu i ’ g ,  e ’xe ’ . -p t  t h a t  i n e r t i a l  an gu l ; ,  r
V ’ . I ( t t  i t i e s  a r t - r ep laced  b y r e l a t i v e  a n g u l a r ’  v ’ - l o e i t i ’ . ’,s ( a n d  n’ t - l a t i v , ’
li n e a r -  a l o e  i t i e s  in ease  of poi n t  m a s se ’ s ) .  Tb ’. ’ ‘.‘qU a l i o r .  of m o t ion ,
!e f Y l ’ e j u n ; , c , s j t j o n  of t h e  r ’ . ’ l n i t i v , -  r e t ; , t c o n i a l  c o n s t r a i n t , h a s  10’ ’ f o r m

- f 
~~

‘ K , ~vii ’.- r e  - 
, ‘t

’ , a nd K a n - c ~
‘ ol urn  n m a t  r i  e ‘ ‘ ~~~ ol a ’.  t i a r a

m d  is  a ( - aaai t i v i -  d~~f i n i t ’ . -  s y n ’ t n i e l r i c )  m a t r i x  of s n l a r s .  N e x t , ; —

,‘\ an d i t s  i r i v e r s ’ .’ il a re  iu t r o d u c e ’ c i  as f o l l o w s :  ‘
~~~~ A and — 

- 

-

l’ a rh t i on i  n g  A a nd i~ ( s i rn  i l ar l y t o  t h e  p a r t i t i o n i n g  of A an d  I~ i i i
E qs _ (  1~)) ‘end (50))~~~i t  Id s  7~ T1 A ’. inn  1~ T I , ‘T
K A t K ind K = Ii~ K ‘.i s i m n i l  l i l y p ’e r t i t i o n t d is K 1 m l

- A~ ,K , an  K B~-, K + IV K = K’ 1~ c 
, w h e r e  K0 is t h t -  ‘ app Le d ’ ’

p a r t  of R and K ’.  is t h e  ‘‘ en n a t  ra i re t ’’ p ar t .  From  All I tb ’ .  re  f o i l  ra s I h~-

r t  l it i o nsh i  P f — I ‘a Ii ’ .  r ’. 1 is  n bn  bn s’. ‘ela r c nil I ~ un it r i \
and w h er e  - 

~
‘ -~ A~-i~ , 

“ 

a - From 13 A = 1 t h e  r i -  ‘ o l l o w s  t h e
r t - i - it i on s h i ps Bf A~ 1 k- , £~A’.. 1~~, Lf A c Or- ’.,, and I ” . ~~~ °cf
h e r e , 1 , - and I a r e  s c a l a r  i d e n t i t y  m a t r i c e s , and Os’. and O’..~ a r e
r u n t  r i  e ‘‘s of zer o s  ( w h i c h  ar c  t r a n s p o se s  of ‘.-a ch o t he r ) .  

~~~~ 
and ‘

‘. 
a re’

6n - on m a t r j c t -  a of sc,- m i t r s  w h i c h  a r e  ide -rn  p ot ’.-n t  : I
f — an d

1’ c ~~~~ ~~~~ 
; h e n c e , t h e s e  n a t r i c e s  L i r e  ‘ ‘ p r o j c ’ et o r s ’ ’ (or  ‘ p r o j e c t i o n

ope’ r a t o r s ’ ‘ ). In the  case  of ~~el m a n  ( 1 9 6 7 ) ,  A dnd 1 n r t - p~’~~~ ’ u ’ n t i o n
cr u e t  r i m - s  and th c ’  r e f o r - Ti = At ; e on seq u ’.’n t l y - I — A~ ;n ad = A~.
end i t  f o l low s  t h a t  

~ 
and  

~
, a r e ’ syn’t n -e n - t  r i~ - _ In te  r m s  of I h e s c  p r c  —

j ( ’ (  t o r s  , t he  e q u a t i o n  A~- R’ .~ 0 b c e or n e n s  t ; .  K ’. = 0 upon _ l e f t  m u l t i  —

p l y i n g  b y Ti~ a r i d  th ’ .  e q u a t i o n  1
~ 

= B~ 
-_ 

become’ s 
~ 

= A c e  u p o n
1 ‘. -f t  m u l t i p l i c a t i  or -i by A’.. , Now tint t V el  m t  n ’ s s y m me t  r i ’ .  p r o j ’ .’ t t or  a
h a v e  b e t - n  i n t r o d u c e d  in t e rn i s of t h e  I r a n s f o r n i , n t i o n  ope r a t o r  f o r n i a l i s r i n ,
h ’. r ’. ’st of V e i ma  n ’ s p r o c e d u r e  ( - an  be Se’.’ u-i f r o m  th ’ .  ( I I  s( Us  sion  b’,

L i k i n s  ( 1 9 7 0 ) .
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1 h e ’  t O n l i I ) i i t , t t i ~~i i i l  as p’ - ’ .  I s  ta t  t h e -  I l o o k e r — M a r g u l i e ’ s and R o b e r s o n —
‘t \ i t t e - n t n i r ’ g i , r n i a l i s r n i s  a r ’ .  t r e a t e d in  F ’1’. ’i~~e i m ’ . r ( l ’ 9 7 1)  and F a r re l l  t i  a l ,
( i’ }rc -~) ,  r ’ . ’ s p ’ . ’ e t i v t ’ I v .  1- ’ i e - i s e h e ’ u- a l s o  d i sc u s s e s V e ’ln ’t an ’ s p ro c e d u r e
fo r  ‘.‘ i i u i ’ m i n a t i u g  t i n ’  ‘ . , ‘ n ’ t s t r , i i u i t s .

Tb ’.- e q u a t i o n s  01 P a l n n m t ’r  ( I ” ) o 7 )  w e - r e ’  th ’ . ’  f i r s t  g e n e r a l  set  of
‘.-c ’ . n , ,  t i o r m s whe  i- ’. - th ’ .’ e o n s  t ra 1 ut  t o r q ue s  a r ’.- d ee  oup led by t r a n s fo r m a t i o n ,
r a t h e r  t h i n  ~olv ’. ’d v i a  L ; i gr a n g e  m u l t i p L e -  r s .  H o w e v e r , P a l m e r ’ s
e’q m m ; t t i o n s  a r ’.’ r e - s t  r i c t & ’d  to  o n f i gu  r a t i o n s  ~‘. hi ’.  h are’ ‘‘ c l u s t e r s ’’ in the
s e n se ’  t h a t  a l l  of th ’ . -  bodi ’.’s , e)th ’ . ’r t h a n  Bod y 1 , a re  a t t ached  to Bod y 1.
It is i n t ’ .- r e ’ s t i u u g  to  n o te  t h a t  P ;r lnn - r (1967)  d i s c u s s e s  v e ’ I o c i t y ,  a c c e l e r a  —
t i on  , a rid I or q  cia t r ; i u i s  f o r m a t i o n s  , hu t  he -  do’.’ a not m a k e  ex t e n s i v e  use
01 t I - i c  s’. t r , c  ns  f o u -m a t  ion s .

R i m s  s e l l  ( 1 0r, ’~ ) we s t b ’. f i r - s t  t o  dev e l o p  a set  of t r an s f o r m e d
e d lu a t i e ) n s  f o r  ani  a r b i t  r a r y  t r e -a c o n fi g u ra t i o n .  R u s s e l l  chose  a momen-
t u n n  f o r m  c i l a t i o n  wh e -  r ’.- t h e  d y n a m i c  s s t a t  e v a r i a b l e s  a r e  the  f r e e  e on-epo
n e n t  s of th ’ . ’  t r a n s f o r m e d  n ’t onrn e -n t u n i  ; h o w e v e r , tb ’.  c o n s t  r a in e d  c o m p o —
ne it of i n  o m e ’ n t n m m  and t b ’ .  p r i m i t i v e  and t r a n s f o r m e d  ye  loe - i t ic  s arc
r et a i ne d  a a - ‘ i ni ‘.‘ r u n  ‘. ‘d iat  ‘.‘ ‘ ‘ or ‘‘ a u x i l i a r y ’’ v a r i a b le - s so t h a t  t he ’ f ina l
e ’cj u a t i on s  ha~ ’ t-  a p a r t i c u l a r l y s i m p le f o r m .

F ar r e n k o p f (1969)  in t r oduce’d an “ i n d u c t i v e ” method  of “di gi ta l l y
s y n t h e ’s iz i ng ” the  d y n a m i c s  ‘. ‘quat ion s  v ia  a “ co m b i n i n g  a l g or i t h m ” . The
or i g i n a l  f o r m ul a t i o n  was  r e s t ri c t e d  to t r e e  conf i g u r a t i on s , but  it was
e x t e n d e d  to  t ’ .’r m i n al  f l e x i b l e ’  bod ies  by Ne ss (1971). The i r  equa t ions  a re
‘.- s s ’ . - n t i a i l ’~ t h e  ‘‘ t r a n s f o r m e d ’ ’  equa t ions  of th i s  pape r if left—multi pli ed
b y - i n o n - s i n g u l a r  m a t r i x :  t h i s  l e f t — m u l t i p l i c a t i o n  is n e c e s s a r y  to make
ti -i c F a r r ’ . ’n k o pf ‘ ‘ m a s s  m a t r i x ’’ s yn n m e t r i c , as it is in t h i s  p a p e r .  Th u s ,
if F;i r r ’ .-nkopf’  s e q u at i o n  of mo t ion  is r~i “ 

+ — k , t hen  l e f t — m u l t i ply ing
by~~~ t y ields  ~- 

‘-
~~~~~= K w h e r c  ‘. 3 t f t 1 , “j ~~~~~~~ and K ~ t k

If ‘ is the  i n v e r s e  of CY , t h e n  k ~ K thu s, ,‘~~ can  be i d e n t i f i e d  as
the  m a t r i x  w h i c h  t r a n s f o rm s  the  t r a n s f o r m e d  f o r c e  K of this paper to
the ’ f o r e ’ .-  k of Fa r  r ’. ’nkopf ;  t h e  m a t r i x  ~~ which  s y m m e t r i z e s  r~ by
l e f t - m u l t i p l i c a t i o n  is  th ’. ’n t he  i n v e r s e  of th i s  ~~~~~.

The H o o k e r - M a r g ul i e s  f o r m a l i s m  was c o n v e r t e d  to an approach
which  uses  r e l a t i v e  gi m b al . ang le r a t e s  in Hooker  (1970).  The r e s u l t i n g
equa t ion  of mot ion  is ~‘ T ’  + Y’ K’ , where  K’ is  the  “ p r i m e d  f o r c e ”
in t roduced ea r l i e r in connec t ion  with R u s s e l l ’ s “ p r imed  m o m e n t u m ”
a p p r o a c h .  It is  i n t e r e s t i ng  to  no te  that  in the  Hooker  (1970) fo r m alism ,
R u s s e l l ’ s p r ir ne d

1
m o r n e n t um  is s imply C’ ‘ ‘ , the kinet ic  ene r gy

is T = C I t  - , 
= 

‘
~ i t  

-~-
‘ 

~~~
‘ , and the t i m e  d e r i v a t i v e  of kinet ic  e n e r g y

is T K I t

Likins (1973) ex t e n de d  the Hooker (1970) equations by allowing
t he  t e r m i n a l  b odie -s to be f l ex ib l e , and by a l lowing each ri gid bod y
to or ita in  ax i sym m e t r i c  r o t o r s .

The- Roberson-Wittenburg formalism was converted to an approach
w h i c h  u s e s  r e l at i v e  g imba l  ang le r a t e s  in R o b e r s o n  (1972) and W i t t e n b u r g
( 1973).  Both of these  ex tens ions  allow relat ive t ransla t ion between
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Ij odit ’ s ;  t ile ex t  e’m i s i o n  b y R ob e -  r s on  a! so al lows  tb ’ .-  bodies  to be d e f o rm  —

a l) le , but  tb ’ .  e q u a t i o ns  ta t n n ’ e o t  on f o r  tI ~’.~ d e f o r m a t i o n  c o o r d i n a t e s  a r e
r iot p r e s e n te d .  Bo land , Sa i n iu i , and W i l l em s  (1974 , 1975) have also
ob t a in ed  Robe  r s o n —  W i t t e ’nl ,u r g  t y p e equa t ions  in r e l a t i v e  gimbal  an g le
r a t e s  and r e l a t i v e  t r a n s l a t i o n a l  r a t e s , and have  d e s c r i b e d  the  u se  of t h i s
f o r m a l i s m  in conf i gu r a t i o n s  - a i t h  c-loscd loops (b y c u t t i n g  as many  loops
as r e q u i r e d  to f o r m  a t r e e- , and then  i n t r o d u c i n g  c o n s t r a i n t s  via
L agr a n g e  m u l t i p l i e r s ) .

The Hooker  (1 97 1) )  e q u a t i o n s  have  be- c-n co n v e r t e d  to a set of
equat ions  not us ing  “ b a r y c e n t e r s” and “ augmen ted  bodies ” by F r i sch
(197 - 1 , 1975) ,  Ho (1974 , 1977) ,  and Hooker  (1975). In th i s  l a t e s t  v e r s i o n
the-  d y n a m i c s  s t a t e  v a r i a b l e s  a r e  the r e l a t i v e  gimbal  ang le ra tes  be tween
bod ies  p lus ti -m e i n e r t ia l  l i n e a r  v e l o c i t y  of a m a t e r i a l  point of Bod y 1. The
r e s u l t i n g  equation is the equation ~i + Y = K of thi s paper  (exce p t that
t he se  papers  by F r i sch , Ho , and Hooker  do not allow relat ive t ransla-
t i o n  between bod ies - -however , the t e r m i nal bodies a re  allowed to be
f l e x i b l e ;  Fr i sc h  (1975) t r e a t s  all bodies  as f l ex ib l e ) .

The approach  of Ho ( 1974 , 1977) and Hooker (1975) has  been
e x t e n d e d  to a cha in  of f l e x i b l e  bodies in Ho , Hooker , M a rg u l ie s , and
W i n a r s k e  (1974).  The mos t  i n t e r e s t i ng  f e a t u r e  in thi s e x t e n s i o n  is the
use of q u a s i - s t a t i c  modes  p lus v i b r a t i o n  modes to d e s c r i b e  the deforn’t a-
t ion of the flex ib le  bodies;  the  use of these modes allows decoupl ing  of
the  cons t ra in t  f o r c e s  and t o r q u e s .

The f o r m u l a t i o n  of Bodley,  Devers , and Park ( 1975) is the mos t
g e n e r a l  of those  in Table I. It allows all bodies to be f l ex ib le , it a l lows
up  to six d egr e e s  of f r e e d o m  be tween  bodies and any of these  d egr e e s
of f r eedom may be p r e sc r ibed  f u n c t i o n  of t ime , and it a l lows c losed
loops. The dynamics  equat ion s a re  re ta ined  in “p r i m i t i v e” or “ f r e e
bod y ” form , and the cons t ra in t fo rces  and torques  a re  obtained via
L agr a ng e  mult i p l i e r s .  It is i n t e r e s t i ng  to note that  Bodley et al. (1975)
make f a i r l y exp licit  use of veloci ty  t r a n s f o r m a t i o n s .

Of all the au thors  in Table I , only R u s s e l l  uses  a momentum
f o r m u l a t i o n. The t r a n s f o r m a t i o n  opera tor  f o r m a l i s m  was init ially
developed in t e r m s  of a m o m e n t u m  f o r m u l a t i o n  ( Je rkovsky ,  1976 ), and
the extension to a velocity formulation was made in order to provide
an overv iew of the a l t e r n a t i v e s  in Table I. As a m a t t e r  of record , it
can be noted that  the use  of a momen tum f o r m u l a t i o n  is also advocated
by Bodley and Park (1 972) ,  and by Wi l l i ams  (1976).

Conc lusion

An overview of the s t ruc tu re  of several  mul t i -body dy nam ics
formulations has been presented in the language of the transformation
operator formalism. The following alternatives have been discussed.

1. Momentum or velocity formulation
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- S ep a  r :e t i m i g  t in - e ’q u i t i o n s  of m o t i o n  f r o m  the equa t ions  of con—
at  u’a l o t S , or c o u p l i n g  t h e - s e ’ ( ‘qu at  ions

3. Co in  p i n t  i n - i ’,~ t i e ’ . ’  ant i  re - m a s s  m a t r i x , or corn pu t ing  onl y i ts
b l o c k d i , e ~~o m n , m  I c l i n i c - n i t  s

1. ( i - ’ n a ) i t i e m g  I i i ’ . ’  n e n i s s  n i , e t r i x  ; t n i c l y t i e a l l y or  n u m e r i c a l ly

‘ . h ive-  r t i u l g  L f f  d)r  cc  (both  a re ’  p o s i t i v e  d c - f i n i t e  s y m m e t r i c )

It has  b e e - m i  i t  ‘ i t - c l  t h a t  th ’. ’  s a m e-  t y p e ’  of Ii n e a r  s i m u l t a n e o u s
e q un  t i t an s  iii u s E  h i -  s ol~- ad in  l i i i ’  morn en t urn fe) rrn u la t ion  an-id in t h e
~~ed u ,  i tv  f o r m u l a t i o n  - T F m e ’ sam - m a s s  e n a t r i x  and the -  s a m e  f o r c e
a p p t - a  r in -i e i t lu ’  r f o r n e u t a t  ion.  l i i  fae t , i h ’.’ s anie  m a s s  m a t r i x  and f o r c e
ar ’ .  ob t a i n ’ . -d  u i  t h e - m a t  r ix  u’n etho d ’’  of s t r u c t u i - a l  a n a l y s i s  if the  t r a n s  —
C’ n - n a t i o n  m i n i  t i - i x is e o m i t i n e m o i m s l y Up da te ’d to i- e f le e t  the  i n s t a n t a n e o u s
va l ee ’ .- a of t i l e - ‘ . - o u r d i n i n i t e -  a .  Ho”.ve~ e r , th e’ m a t  i- ix met h o d  of at  r u c t u r a l
a n al y s i s  cl u e-s not  g e n e r a t e -  t i - me-  - x t r i t  I c - r u n  X or  Y h e - c a u s e ’ the t i m e
de r i v a t i v e ’  of th ’.- t r a n s f o r n n a t i o n  m a t r i x  is mne -g l e ’c’t e ’d .
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